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Abstract

A new method for the specification of parallel pro-
grams is presented by example case studies. The es-
sential focus of software development is the expres-
sion of groupings of program fragments and the inter-,
intra-relationships thereof. Groups of computations are
mapped to particular integer points contained in one or
more polytopes. Spatial, temporal, hierarchal or other
types of relationships over these polytopes can be rep-
resented in this framework. An informal review of the
geometrical semantics for such geometrical representa-
tions is provided in this paper. Practical observations
are presented of, in particular, how parallel programs
can be expressed in this framework.
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1 Introduction

Despite the many advances in compiling technologies
and parallel programming language design, parallel pro-
gramming is still widely regarded as difficult, time con-
suming and economically costly, particularly when com-
pared to non-parallel program development. Of inter-
est are techniques which may reduce the cost of parallel
program design.

In [1], a new geometric framework for parallel pro-
gram representation is proposed to address the difficul-
ties of parallel programming. The essential focus of this
work is the expression of collections of computations
and the inter-, intra-relationships thereof. Collections
of computations are encapsulated by geometric objects,
termed polytopes, wherein particular computations are
mapped to selected integer points inside of the poly-
topes. Spatial relationships can be quantified by the
dimension of the geometric object and by the spatial
orientation of the contained computations. Temporal,
hierarchal or other relationships can also be represented
by superimposing dependency graphs over the geomet-
ric object(s). The notion of such collections of pro-
gram fragments is central to human perception of pro-
gram design, for example, the separation of program
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fragments into modules, objects, tasks, packages, func-
tions, procedures and subroutines, etc. The software
development process is thus completed by (a) specify-
ing one or more groupings by describing polytopes and
(b) constructing relationships between particular com-
putations and between polytopes. A complete program
may be represented by hierarchies of polytopes.

Geometric representation of programs has been es-
tablished by advances in parallelizing compiler research,
in particular, the Polytope Model [2, 3, 4]. In the Poly-
tope Model, programs, expressed in some language are
firstly translated to a geometric representation. Opti-
mization may be performed in the geometric domain
and lastly, a translation back to the language repre-
sentation completes the process. The typical benefit of
these geometric representations is the precise analysis
of the parallelism and inhibiting factors (i.e., depen-
dencies) that can be performed in the geometric do-
main. The work in [1] extends the Polytope Model by
presenting the semantics of geometric representation of
program with the focus that the human initially ex-
presses the solution to a given problem geometrically.

This paper presents example-based case studies of
how initial geometric formulation of problem solutions
can be done and what linguistic representations may
be derived from such geometric representations. Since
the proposed geometrical model is recent and may be
regarded as in preliminary stages of development, the
presented case studies focus on basic representation is-
sues. The utility for application to parallel program
development is implied by these cases studies.

This paper is organized as follows. A review of ge-
ometric semantics given in [1] is presented in Section 2.
Case studies are presented in Section 3 and conclusions
are given in Section 4.

2 Geometric Semantics Review

Geometric Semantics is considered in two cases: (a) the
geometric specification has an induced semantics due to
an initial linguistic formulation of the program and its
subsequent translation from the linguistic to the geo-
metric domain, or (b) the initial program specification
is given in the geometric domain. Geometric semantics



due to the first case is termed linguistic carried seman-
tics. In the second case, the initial program specifica-
tion may semantically conform to a linguistic carried
semantics. However, it is also possible that the initial
program specification may not so conform. Geometric
semantics of the latter are referred to as: non-linguistic
carried semantics.

The following loop nest is considered for the lin-
guistic carried case.

for Iy = f1,(l1) to f1, (u1) step s1
for I, = le (i17 l2) to f2u (i17 ’(LQ) step s2

fm: Iy = fp, (i1, d2, . oo yip_1,1p) t0 fp, (31,42, ..., ip_1, up) Step sp
§ = (S1,82,...)

where each Ij,j € Z,1 < j < p, is a loop-index variable
with corresponding integer i; values given by fi,, fu;
and sj,s; # 0, f denotes a parameterized affine integer
function and $ is an ordered list of individual program
statements, S. In this paper, it is assumed that S is a
totally ordered set consisting of expression evaluations
or another loop-nest. These restrictions simplify the
presentation in this paper. This loop model is denoted
by L.

In [1], details regarding the geometric object that
represents £ are given. Essentially, instances of S are
mapped to specific integer points in an established poly-
tope and the inclusion of temporal relationships over
the polytope provides for an active polytope represen-
tation. Hence, active polytopes are geometric objects
which have an orientation determined from £ and more-
over have contained temporal relationships, in the form
of dependency graph(s), also induced by £. Intuitively,
the properties of such an active polytope are fully de-
termined from the corresponding linguistic expression
of the program.

3 Case Studies

3.1 Shellsort

This case study presents Shellsort considered as group-
ings of geometric objects. In this example, let the in-
crement sequence be (5,3,1). The usual insertion sort
is employed for all sub-lists.

Figure 1 shows the geometric representation of the
objects implied by the increment sequence. In (a),
there are five individual computations, each of which is
an insertion sort. The five computations have no data
dependencies, consequently, no temporal ordering be-
tween these computations is required. Similarly, in (b),
there are three independent computations while in (c),
there is a single computation. The numbering system
indicates the coordinates of the various points to which
computations have been mapped to and is arbitrary in
this example.

Although the computations may proceed indepen-
dently for each distinct value in the increment sequence,
the computations between the different values are tem-
porally related. Let a polytope in R! represent the five
computations in Figure 1(a), and let two other distinct
polytopes in R! represent the computations illustrated
in (b) and (c) respectively. The three polytopes are
shown in (d) as thick black lines (and as a single point).
The temporal relationships between these polytopes are
shown by a dashed arc in (d).

In insertion sort, the first computation of an iter-
ation is a comparison and a shift conditional on that
comparison. For subsequent iterations where the sorted
sub-list consists of n items, there is at most n compu-
tations and at best 1 computation.

Geometrically, let the state of each of the sub-lists
represent an index into one dimension (the independent
dimension) and the computations (collectively includ-
ing comparisons and shifts) represent an index into a
second dimension (the dependent dimension). The spa-
tial relationships described above result in a triangle in
two dimensional space, as shown in Figure 2 for a sort
requiring only six iterations.
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Figure 1: Shell sort incre-
ment sequence geometric
representation.

Figure 2: Insertion sort
geometric representation.

There are temporal relationships existing within a
single iteration. The best case corresponds to those
computations mapped to the hypotenuse of the trian-
gle in Figure 2 whereas the computations mapped to
the bottom (i.e., for j = 1) of the triangle reflect the
worst case. Clearly, the temporal ordering is such that
the jth computation must precede the 7 — 1th compu-
tation, 1 < j < ¢ for the ¢ iteration. These temporal
relationships are shown in Figure 2 by dashed arcs in
the negative j direction (only a representative subset
of such arcs are illustrated). The dotted line in Fig-
ure 2 illustrates a hyper-plane cut that, combined with
the temporal relationships, represents a particular set
of required computations.

There is also a temporal relationship between iter-
ations. Let there be n one dimensional polytopes such
that all computations for each iteration are contained in
a distinct polytope. Clearly, the triangle representing
the full spatial region of computation will be the con-
vex hull of these n one dimensional polytopes. Figure 3



shows the six one dimensional polytopes, the temporal
relationships between them and the bounding triangle
as the convex hull. It is important to note that al-
though the polytopes are of one dimension, they do
exist in two dimensional space.

Figure 4 illustrates the combined hierarchal geo-
metric representation for Shellsort.

A common coding of the insertion sort appears in
Figure 5[5]. Much of the previous discussion relating
to the geometric representation of Shellsort can be eas-
ily related to the code in this figure. For example, the
doubly nested for-loop with the given constraints upon
i and j, but not including the conditional comparison
of the array keys, represent the triangle of Figure 2
together with all temporal relationships as previously
discussed and as shown in Figures 2 and 3. The con-
ditional comparison of the array keys represents the
hyper-plane cut (the dotted line in Figure 2). The com-
bination of this conditional comparison together with
the swap operation forms a single computation that is
mapped to each point in the geometric domain.

In summary, there is a single active polytope cor-
responding to each value in the increment sequence.
Each such active polytope has a sequence of instruc-
tions (insertion sort) mapped to each contained point
in that polytope. Each instruction itself represents a
distinct active polytope that has a two-instruction se-
quence (comparison and conditionally a swap) mapped
to each point in that polytope. The step size is 1 in
all cases and particular temporal relationships are in-
cluded. Thus, Shell sort exists in R* with two dimen-
sions for insertion sort, one dimension for each value
in the increment sequence and one dimension for the
increment sequence itself.

This example provides insight into how one may
construct an initial specification of the Shellsort al-
gorithm in the geometric domain. In particular and
most importantly, no language representation of the
algorithm was considered during the construction of
the geometric specification. The algorithm was sub-
divided into hierarchal geometric objects and relation-
ships within and between these geometric objects were
defined. Only the groupings of the computations were
studied. These groupings can be described by poly-
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Figure 3: Temporal re- Figure 4: The combined
lationships between itera- hierarchal geometric rep-
tion polytopes. resentation of Shellsort.

for (int i=1; i<n; i++)
for (int j=1; (j>0) && (key(array[jl)<key(array[j-11)); j--)
swap(array[j], array[j-1];

Figure 5: Insertion sort code.
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Figure 6: An example of domain specification in differ-
ent subspaces.

topes with suitable enhancements to represent the var-
ious types of possible relationships.

3.2 Sub-Space Specification

Figure 6 illustrates an example domain specification in
two subspaces. In (a), there is a group of two computa-
tions illustrated by the black circles. These computa-
tions have been mapped to points (0) and (1) in R!. In
(b), six computations, illustrated by the black circles,
are grouped together with each computation identified
by two indecies. These computations exist in R?2.

Suppose that these computations reflect a solu-
tion to the following problem: choose two (natural)
languages and print the first three counting numbers
(e.g., in English, one, two, three and in French, un,
deuz, trois). Several query-like questions may be posed.
Consider the question: How many languages are rep-
resented? and its obvious answer of two. More im-
portantly, the question as well as its answer exist in
one dimensional space. Let 7 in Figure 6 represent the
language axis, then, there are two languages grouped
together, as represented in (a). A second question may
be posed: How many numbers are counted in English?
This question and its corresponding answer of three
exist in two dimensions, since, the numbers counted
is only meaningful when also identified by the fact that
the counting is done in some language. A last question:
How many numbers are counted in any language? also
exists in two dimensions for the same reasons. Clearly
the index iy in Figure 6(a) and (b) must be identically
the same. Hence, (a) illustrates a subspace in R! of (b).
Note that there is no need to restrict the domain of ¢; to
be the same points in each subspace polytope. Figure 6
also shows several white circles. These circles represent
non-valid computation points, hence, the polytope pre-
sented in (b) contains six valid and four non-valid com-
putation points where special no-operation instructions
are identified with these non-valid computation points.

A linguistic interpretation is also possible. Con-
sider two for loops such that the outer iterates amongst
the languages while the inner iterates amongst the num-



bers to be counted. The first question posed above
would be reflected at the level of the outer loop only
whereas the other two would be reflected at the level
of the inner loop.

The polytopes P, and P, corresponding respec-
tively to Figure 6(a) and (b) are defined as:
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Given that the purpose of such polytope definition re-
flects descriptive abstractions of the contained com-
putations, P; would reflect the abstraction: allow for
three natural languages, but implement the solution
only for two. P» would reflect the abstraction: allow
five numbers to be counted, but only implement the
solution for three. Furthermore, since P> does not de-
scribe three consecutive points in the i; axis (as does
Py), the allowance for five numbers to be counted is
only applicable to the two given languages represented
by i1 = 2 or i; = 3 in R? subspace.

3.3 Specification of Geometric Represen-
tation

Two interesting observations can be made regarding
the previous case study (Sub-Section 3.2): (a) multiple
index domain sets referred to as bindings exist and (b)
that multiple polytopes may describe the same prob-
lem solution (although from different viewpoints). For
example, Figure 6 showed four types of bindings for i1,
two for each of the polytopes P; and P> where, one of
these bindings can be described as static (e.g., the do-
main for iy in P is statically described by the set {0,1})
and the other binding as dynamic (e.g. P; describes
the dynamic binding set {0, 1,2}). Furthermore, both
P, and P, describe the same solution. A new mathe-
matical representation given in [1] provides for a gen-
eral, consistent and integrated means of specifying such
types of multiple domain bindings and polytopes in one
or more subspaces.

3.3.1 Example of Multiple Domain Speci-
fications

Consider the system:

o 1,2,3} {5,6
o1 <liilo | R B L ] < [11,10,10]

where ® denotes a vector-matriz like operation which
defines plus reduction over the association of static do-
main sets (specified by the matrix) to the respective
indecies (specified by the I vector).

The following six inequalities are specified by this
notation:

9< i1{1,2,3} +i2{7,8 <11 (1)
1< i1{5,6} <10 (2)
1< i2{11} <10 (3)

Inequalities 2 and 3 specify valid and non-valid com-
putation points, i.e. a polytope, in distinctly different
subspaces in R!. Note that these inequalities, in ad-
dition to subspace specification, also partially specify
a region in R?. This aspect is discussed later in the
example.

Figure 7(b) and (c) show the graphical representa-
tion of the R! subspaces that are determined from In-
equalities 2 and 3. Note that the respective polytopes
are bounded by 1 and 10. As illustrated in Figure 7(b)
by the filled in circles (i; = 5 and i; = 6), this poly-
tope abstraction encapsulates the computation group.
As before, the set of non-valid computation points are
represented by the white circles. However, a degenerate
case is exemplified in Figure 7(c) where the polytope
abstraction does not sufficiently describe the related set
of computations.

A more complicated case is specified by Inequality 1
where valid computation points in R? are specified. Let
the set of valid computation points be: {(1,8),(2,7),
(2,8),(3,7),(3,8)}.

Consider the solution to the system represented by
Inequalities 1 through 3, that is, consider the solution
given by all inequalities that partially determine a so-
lution in R%. By applying Fourier’s Method of Elimi-
nation, ¢; and is are determined to be:

1< i <10
maz(1,9 —i1) < iz < min(l0,11 —i4y)

Note that the domain set for i; statically bound in In-
equality 1 satisfies Inequality 2 and that the domain
set for 72 statically bound in Inequality 1 satisfies In-
equality 3. Consequently, the bindings of Inequality 1
are sufficient to determine a subregion of the solution
given by Fourier’s Method of Elimination The solution
determined solely by Inequality 1 when the static (lo-
cal) bindings of i; and i» are incorporated is:

i <3

1
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Figure 7: Non-linguistic carried geometric semantics
example



for i2 =7 to 8
for i1 = 9-i2 to 11-i2
if (i1,i2) in the valid computation set
doit(...)
(a) (b)
for il = 9-i2 to 11-i2 (when i2 bound to {7,8})
intersection with

for i1 = 1 to 3
for i2 = max(7,9-i1) to min(8,11-it1)
doit(...)

for i1 = 1 to 3
for i2 = 9-il to 11-iil

if (i1,i2) in the valid computation set
doit(...)

(c) (d)

Figure 8: Linguistic interpretations of Example 4.

This solution region in shown in Figure 7(a) as the
shaded area. The filled in circles represent the con-
tained points.

Alternatively, let i; be determined from some func-
tion of iy and also let i3 be determined from some func-
tion of 4.

9 —in{7,8} <i1{1,2,3} < 11 —ix2{7,8} (4)
9—i1{1,2,3} <i{7,8} < 11 —i1{1,2,3} (5)

Note that Inequalities 4 and 5 are consistent with com-
puting the solution by Fourier’s Method of Elimination.
In fact, each of these inequalities actually specifies the
elimination of i; and iy, respectively.

Note that in Inequality 4, ¢; remains statically bound
to the set {1, 2,3} and in addition, is dynamically bound
to the region specified by the following inequalities.

forin =7 2<i1{1,2,3} <4

for i =8 1<i:1{1,2,3}<3
The polytope resulting from consideration of the dy-
namic bindings only is shown in Figure 7(a) as the dot-
ted region. This alternative interpretation requires the
evaluation of the static bindings (the domain set) for
i3, but not for iy, that is, 4, may be considered the de-
pendent variable. Similarly, Inequality 5 specifies the
following region:

foriy =1 8<i2{7,8} <10

forip =2 7<ia{7,8Y<9
for i1 =3 6 §i2{7,8} §8

This polytope from the consideration of the dynamic
bindings is also shown in (a) as the dashed region. The
specified polytope from Inequality 1 when considering
both type of bindings is the intersection of the dashed
and dotted polytopes. The intersection is in fact the
same as computed earlier using Fourier’s Method.

Several possible linguistic interpretations of Inequal-
ity 1 exists. Four particularly interesting interpreta-
tions are subsequently discussed. The first, shown in
Figure 8(a), corresponds to the solution region when
both static and dynamic bindings are fully taken into
account and is obtained by Fourier’s Method of Elimi-
nation as described earlier. Recall that from Inequali-
ties 4 and 5, the polytope can also be computed from
the intersection of two(convex) polytopes. Figure 8(b)
corresponds with Inequality 4 while (c) corresponds
with Inequality 5.

When considering the definitions of linguistic car-
ried semantics, the linguistic interpretations in Fig-
ure 8(a) though (c) actually specify a dependence of

for i2 = 9-i1 to 11-il (when il bound to {1,2,3})

one variable upon the other that is induced by linguis-
tic carried semantics only. This significance of the non-
linguistic semantics is not captured by these linguistic
interpretations. The linguistic interpretation shown in
Figure 8(d), however, captures the significance of the
non-linguistic carried semantics. Note that the specifi-
cation primitive intersection with is an artifact in-
duced by the non-linguistic geometric semantics.

3.3.2 A Prototype Software System

This section presents a prototype software system that
assists in the exploration of various geometric domain
specifications and the corresponding linguistic repre-
sentations of such specifications'. Currently, only the
linguistic correspondence in R? is explored and only
to the extent of a particular selection of independent
and dependent domain sets. The software currently
does not support the intersection with primitive de-
scribed earlier nor multiple static bindings. The soft-
ware does provide for linguistic interpretations of the
geometric specification presented earlier for purposes of
understandability and linguistic verification of specified
computation collections.

In keeping with this purpose, the input is in the
form given earlier, however, a small modification to the
definition of the matrix has been incorporated. Here,
the matrix is a p X p matrix of functions such that each
column determines a particular single loop nest. The
output is a for loop nest corresponding to the given
input such that successive columns in the matrix spec-
ify successive loop nests, respectively. The geometric
object (polytope) is thus represented in the output by
the bounds of each of the loops, the set of valid com-
putation points are explicitly enumerated in the loop
body.

Conceptually, the principal data structure is the
set which provides for the specification of the domain
of the various indecies. Collections of set are pro-
vided by a matrix abstraction. Currently, sets are de-
scribed by functions that provide for a set’s enumera-
tion. Figure 9 presents the Unified Modeling Language
(UML) [6] class diagram for this software.

Consider the re-formulated system corresponding
to that used earlier:

{1,2,3% {L2,3} | 1y 4y

[9,9] < [i1,i2] © {7,8} {7.8} B

The outer loop, i; will be determined from the first
column whereas the inner loop, i5 will be determined
from the second column. That is,

9 <i{1,2,3} +ia{7,8} < 11

is explicitly specified twice in this software. Note that
here Inequality 1 is used twice as per Inequalities 4

!The assistance of S. Saladin and S. Humes who contributed to
the program implementation of this prototype is acknowledged.



Figure 9: UML class diagram for the prototype soft-
ware system

and 5. Also note that the set of valid computation
points is inherently ‘rectangular’ in R? due to the use of
all domain values to specify valid computation points,
that is, (1,7) is added to the set of valid computation
points used above.

Figure 10 shows the output of an execution of the
prototype software for this specification. The ‘lower
bounds constant matrix’, ‘variable reference matrix’
and ‘upper bounds constant matrix’ correspond exactly
to the geometric specification presented above. The
complete loop nest is also shown at the bottom of the
output.

Lower bounds constant matrix:

| 9 9 |

Variable reference matrix:
| £(1,3,1) £(1,3,1) |
| £(7,8,1) £(7,8,1) |

Upper bounds constant matrix:

| 11 11 |

for I1 = 1 to 4
for I2 = 6 to 10
if I1 is an element of { 1, 2, 3 } &&
if I2 is an element of { 7, 8 }

Figure 10: Example output
4 Summary and Conclusion

This paper proposes, by example, geometric specifica-
tion as a new method of parallel program specifica-
tion to address current parallel programming difficul-
ties. The focus of geometrical specification is the con-
struction of spatially, temporally or hierarchal ordered
groups of computations. The spatial grouping of com-

putations can be abstracted by enclosing the computa-
tions by polytopes. Properties consisting of additional
relationships over the enclosed computations may be
added to the polytope. Hierarchies of abstractions can
be formed by collections of polytopes.

An informal review of linguistic and non-linguistic
carried semantics has been provided. Linguistic carried
semantics is based on translating an initial linguistic
specification of a program segment to a corresponding
geometric specification whereas non-linguistic carried
semantics is based on the initial specification of groups
of program components in the geometric domain.

The primary contributions of this paper are the
practical results observed from the three case studies
that were presented. In particular, initial program rep-
resentation in the geometric domain is possible and
seems to be a natural extension of human thought ex-
pression for certain types of problem solutions. Also,
the work reported in this paper supports the idea of
‘query-responsive’ software development, that is, for
example, programmers may be able to ‘interact’” with
the software by formulating queries. Lastly, mathemat-
ical formulations were presented by example as well as
a prototype software system that provides for under-
standing and exploration of this formulation.
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