
Proceedings of the IASTED International ConferenceParallel and Distributed Computing and SystemsNovember 3-6, 1999 in Cambridge Massachusetts, USAExpressing Parallel Programs Using Geometric Representation: Case StudiesBrian J. d'Auriol�Department of Mathematics and Computer ScienceThe University of AkronAkron, Ohio, 44325, USAbdauriol@cs.uakron.eduAbstractA new method for the speci�cation of parallel pro-grams is presented by example case studies. The es-sential focus of software development is the expres-sion of groupings of program fragments and the inter-,intra-relationships thereof. Groups of computations aremapped to particular integer points contained in one ormore polytopes. Spatial, temporal, hierarchal or othertypes of relationships over these polytopes can be rep-resented in this framework. An informal review of thegeometrical semantics for such geometrical representa-tions is provided in this paper. Practical observationsare presented of, in particular, how parallel programscan be expressed in this framework.Key Words: Parallel programming, Geometricrepresentation.1 IntroductionDespite the many advances in compiling technologiesand parallel programming language design, parallel pro-gramming is still widely regarded as diÆcult, time con-suming and economically costly, particularly when com-pared to non-parallel program development. Of inter-est are techniques which may reduce the cost of parallelprogram design.In [1], a new geometric framework for parallel pro-gram representation is proposed to address the diÆcul-ties of parallel programming. The essential focus of thiswork is the expression of collections of computationsand the inter-, intra-relationships thereof. Collectionsof computations are encapsulated by geometric objects,termed polytopes, wherein particular computations aremapped to selected integer points inside of the poly-topes. Spatial relationships can be quanti�ed by thedimension of the geometric object and by the spatialorientation of the contained computations. Temporal,hierarchal or other relationships can also be representedby superimposing dependency graphs over the geomet-ric object(s). The notion of such collections of pro-gram fragments is central to human perception of pro-gram design, for example, the separation of program�Partially supported by The University of Akron, Grant FRG 1391

fragments into modules, objects, tasks, packages, func-tions, procedures and subroutines, etc. The softwaredevelopment process is thus completed by (a) specify-ing one or more groupings by describing polytopes and(b) constructing relationships between particular com-putations and between polytopes. A complete programmay be represented by hierarchies of polytopes.Geometric representation of programs has been es-tablished by advances in parallelizing compiler research,in particular, the Polytope Model [2, 3, 4]. In the Poly-tope Model, programs, expressed in some language are�rstly translated to a geometric representation. Opti-mization may be performed in the geometric domainand lastly, a translation back to the language repre-sentation completes the process. The typical bene�t ofthese geometric representations is the precise analysisof the parallelism and inhibiting factors (i.e., depen-dencies) that can be performed in the geometric do-main. The work in [1] extends the Polytope Model bypresenting the semantics of geometric representation ofprogram with the focus that the human initially ex-presses the solution to a given problem geometrically.This paper presents example-based case studies ofhow initial geometric formulation of problem solutionscan be done and what linguistic representations maybe derived from such geometric representations. Sincethe proposed geometrical model is recent and may beregarded as in preliminary stages of development, thepresented case studies focus on basic representation is-sues. The utility for application to parallel programdevelopment is implied by these cases studies.This paper is organized as follows. A review of ge-ometric semantics given in [1] is presented in Section 2.Case studies are presented in Section 3 and conclusionsare given in Section 4.2 Geometric Semantics ReviewGeometric Semantics is considered in two cases: (a) thegeometric speci�cation has an induced semantics due toan initial linguistic formulation of the program and itssubsequent translation from the linguistic to the geo-metric domain, or (b) the initial program speci�cationis given in the geometric domain. Geometric semantics302-337 -1-



due to the �rst case is termed linguistic carried seman-tics. In the second case, the initial program speci�ca-tion may semantically conform to a linguistic carriedsemantics. However, it is also possible that the initialprogram speci�cation may not so conform. Geometricsemantics of the latter are referred to as: non-linguisticcarried semantics.The following loop nest is considered for the lin-guistic carried case.for I1 = f1l (l1) to f1u (u1) step s1for I2 = f2l (i1; l2) to f2u (i1; u2) step s2...for Ip = fpl (i1; i2; : : : ; ip�1; lp) to fpu (i1; i2; : : : ; ip�1; up) step spŜ = (S1; S2; : : :)where each Ij; j 2 Z; 1 � j � p, is a loop-index variablewith corresponding integer ij values given by flj ; fujand sj ; sj 6= 0, f denotes a parameterized aÆne integerfunction and Ŝ is an ordered list of individual programstatements, Sk. In this paper, it is assumed that Ŝ is atotally ordered set consisting of expression evaluationsor another loop-nest. These restrictions simplify thepresentation in this paper. This loop model is denotedby L.In [1], details regarding the geometric object thatrepresents L are given. Essentially, instances of Ŝ aremapped to speci�c integer points in an established poly-tope and the inclusion of temporal relationships overthe polytope provides for an active polytope represen-tation. Hence, active polytopes are geometric objectswhich have an orientation determined from L and more-over have contained temporal relationships, in the formof dependency graph(s), also induced by L. Intuitively,the properties of such an active polytope are fully de-termined from the corresponding linguistic expressionof the program.3 Case Studies3.1 ShellsortThis case study presents Shellsort considered as group-ings of geometric objects. In this example, let the in-crement sequence be (5,3,1). The usual insertion sortis employed for all sub-lists.Figure 1 shows the geometric representation of theobjects implied by the increment sequence. In (a),there are �ve individual computations, each of which isan insertion sort. The �ve computations have no datadependencies, consequently, no temporal ordering be-tween these computations is required. Similarly, in (b),there are three independent computations while in (c),there is a single computation. The numbering systemindicates the coordinates of the various points to whichcomputations have been mapped to and is arbitrary inthis example.

Although the computations may proceed indepen-dently for each distinct value in the increment sequence,the computations between the di�erent values are tem-porally related. Let a polytope in R1 represent the �vecomputations in Figure 1(a), and let two other distinctpolytopes in R1 represent the computations illustratedin (b) and (c) respectively. The three polytopes areshown in (d) as thick black lines (and as a single point).The temporal relationships between these polytopes areshown by a dashed arc in (d).In insertion sort, the �rst computation of an iter-ation is a comparison and a shift conditional on thatcomparison. For subsequent iterations where the sortedsub-list consists of n items, there is at most n compu-tations and at best 1 computation.Geometrically, let the state of each of the sub-listsrepresent an index into one dimension (the independentdimension) and the computations (collectively includ-ing comparisons and shifts) represent an index into asecond dimension (the dependent dimension). The spa-tial relationships described above result in a triangle intwo dimensional space, as shown in Figure 2 for a sortrequiring only six iterations.
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1 2 3 4 5 6Figure 1: Shell sort incre-ment sequence geometricrepresentation. Figure 2: Insertion sortgeometric representation.There are temporal relationships existing within asingle iteration. The best case corresponds to thosecomputations mapped to the hypotenuse of the trian-gle in Figure 2 whereas the computations mapped tothe bottom (i.e., for j = 1) of the triangle re
ect theworst case. Clearly, the temporal ordering is such thatthe jth computation must precede the j � 1th compu-tation, 1 � j � i for the i iteration. These temporalrelationships are shown in Figure 2 by dashed arcs inthe negative j direction (only a representative subsetof such arcs are illustrated). The dotted line in Fig-ure 2 illustrates a hyper-plane cut that, combined withthe temporal relationships, represents a particular setof required computations.There is also a temporal relationship between iter-ations. Let there be n one dimensional polytopes suchthat all computations for each iteration are contained ina distinct polytope. Clearly, the triangle representingthe full spatial region of computation will be the con-vex hull of these n one dimensional polytopes. Figure 32



shows the six one dimensional polytopes, the temporalrelationships between them and the bounding triangleas the convex hull. It is important to note that al-though the polytopes are of one dimension, they doexist in two dimensional space.Figure 4 illustrates the combined hierarchal geo-metric representation for Shellsort.A common coding of the insertion sort appears inFigure 5[5]. Much of the previous discussion relatingto the geometric representation of Shellsort can be eas-ily related to the code in this �gure. For example, thedoubly nested for-loop with the given constraints uponi and j, but not including the conditional comparisonof the array keys, represent the triangle of Figure 2together with all temporal relationships as previouslydiscussed and as shown in Figures 2 and 3. The con-ditional comparison of the array keys represents thehyper-plane cut (the dotted line in Figure 2). The com-bination of this conditional comparison together withthe swap operation forms a single computation that ismapped to each point in the geometric domain.In summary, there is a single active polytope cor-responding to each value in the increment sequence.Each such active polytope has a sequence of instruc-tions (insertion sort) mapped to each contained pointin that polytope. Each instruction itself represents adistinct active polytope that has a two-instruction se-quence (comparison and conditionally a swap) mappedto each point in that polytope. The step size is 1 inall cases and particular temporal relationships are in-cluded. Thus, Shell sort exists in R4 with two dimen-sions for insertion sort, one dimension for each valuein the increment sequence and one dimension for theincrement sequence itself.This example provides insight into how one mayconstruct an initial speci�cation of the Shellsort al-gorithm in the geometric domain. In particular andmost importantly, no language representation of thealgorithm was considered during the construction ofthe geometric speci�cation. The algorithm was sub-divided into hierarchal geometric objects and relation-ships within and between these geometric objects werede�ned. Only the groupings of the computations werestudied. These groupings can be described by poly-
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1 2 3 4 5 6Figure 3: Temporal re-lationships between itera-tion polytopes. Figure 4: The combinedhierarchal geometric rep-resentation of Shellsort.

for (int i=1; i<n; i++)for (int j=1; (j>0) && (key(array[j])<key(array[j-1])); j--)swap(array[j], array[j-1];Figure 5: Insertion sort code.
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(b)(a)Figure 6: An example of domain speci�cation in di�er-ent subspaces.topes with suitable enhancements to represent the var-ious types of possible relationships.3.2 Sub-Space Speci�cationFigure 6 illustrates an example domain speci�cation intwo subspaces. In (a), there is a group of two computa-tions illustrated by the black circles. These computa-tions have been mapped to points (0) and (1) in R1. In(b), six computations, illustrated by the black circles,are grouped together with each computation identi�edby two indecies. These computations exist in R2.Suppose that these computations re
ect a solu-tion to the following problem: choose two (natural)languages and print the �rst three counting numbers(e.g., in English, one, two, three and in French, un,deux, trois). Several query-like questions may be posed.Consider the question: How many languages are rep-resented? and its obvious answer of two. More im-portantly, the question as well as its answer exist inone dimensional space. Let i1 in Figure 6 represent thelanguage axis, then, there are two languages groupedtogether, as represented in (a). A second question maybe posed: How many numbers are counted in English?This question and its corresponding answer of threeexist in two dimensions, since, the numbers countedis only meaningful when also identi�ed by the fact thatthe counting is done in some language. A last question:How many numbers are counted in any language? alsoexists in two dimensions for the same reasons. Clearlythe index i1 in Figure 6(a) and (b) must be identicallythe same. Hence, (a) illustrates a subspace inR1 of (b).Note that there is no need to restrict the domain of i1 tobe the same points in each subspace polytope. Figure 6also shows several white circles. These circles representnon-valid computation points, hence, the polytope pre-sented in (b) contains six valid and four non-valid com-putation points where special no-operation instructionsare identi�ed with these non-valid computation points.A linguistic interpretation is also possible. Con-sider two for loops such that the outer iterates amongstthe languages while the inner iterates amongst the num-3



bers to be counted. The �rst question posed abovewould be re
ected at the level of the outer loop onlywhereas the other two would be re
ected at the levelof the inner loop.The polytopes P1 and P2 corresponding respec-tively to Figure 6(a) and (b) are de�ned as:P1=h 1 00 1 ih i1�i1 i�h 30 i P2="1 0 0 00 1 0 00 0 1 00 0 0 1 #" i1�i1i2�i2 #�" 3240 #Given that the purpose of such polytope de�nition re-
ects descriptive abstractions of the contained com-putations, P1 would re
ect the abstraction: allow forthree natural languages, but implement the solutiononly for two. P2 would re
ect the abstraction: allow�ve numbers to be counted, but only implement thesolution for three. Furthermore, since P2 does not de-scribe three consecutive points in the i1 axis (as doesP1), the allowance for �ve numbers to be counted isonly applicable to the two given languages representedby i1 = 2 or i1 = 3 in R2 subspace.3.3 Speci�cation of Geometric Represen-tationTwo interesting observations can be made regardingthe previous case study (Sub-Section 3.2): (a) multipleindex domain sets referred to as bindings exist and (b)that multiple polytopes may describe the same prob-lem solution (although from di�erent viewpoints). Forexample, Figure 6 showed four types of bindings for i1,two for each of the polytopes P1 and P2 where, one ofthese bindings can be described as static (e.g., the do-main for i1 in P1 is statically described by the set f0; 1g)and the other binding as dynamic (e.g. P1 describesthe dynamic binding set f0; 1; 2g). Furthermore, bothP1 and P2 describe the same solution. A new mathe-matical representation given in [1] provides for a gen-eral, consistent and integrated means of specifying suchtypes of multiple domain bindings and polytopes in oneor more subspaces.3.3.1 Example of Multiple Domain Speci-�cationsConsider the system:[9; 1; 1] � [i1; i2]� h f1; 2; 3g f5; 6g fgf7; 8g fg f11g i � [11; 10; 10]where � denotes a vector-matrix like operation whichde�nes plus reduction over the association of static do-main sets (speci�ed by the matrix) to the respectiveindecies (speci�ed by the I vector).The following six inequalities are speci�ed by thisnotation:

9 � i1f1; 2; 3g+ i2f7; 8g � 11 (1)1 � i1f5; 6g � 10 (2)1 � i2f11g � 10 (3)Inequalities 2 and 3 specify valid and non-valid com-putation points, i.e. a polytope, in distinctly di�erentsubspaces in R1. Note that these inequalities, in ad-dition to subspace speci�cation, also partially specifya region in R2. This aspect is discussed later in theexample.Figure 7(b) and (c) show the graphical representa-tion of the R1 subspaces that are determined from In-equalities 2 and 3. Note that the respective polytopesare bounded by 1 and 10. As illustrated in Figure 7(b)by the �lled in circles (i1 = 5 and i1 = 6), this poly-tope abstraction encapsulates the computation group.As before, the set of non-valid computation points arerepresented by the white circles. However, a degeneratecase is exempli�ed in Figure 7(c) where the polytopeabstraction does not suÆciently describe the related setof computations.A more complicated case is speci�ed by Inequality 1where valid computation points inR2 are speci�ed. Letthe set of valid computation points be: f(1; 8); (2; 7);(2; 8); (3; 7); (3; 8)g.Consider the solution to the system represented byInequalities 1 through 3, that is, consider the solutiongiven by all inequalities that partially determine a so-lution in R2. By applying Fourier's Method of Elimi-nation, i1 and i2 are determined to be:1 � i1 � 10max(1; 9� i1) � i2 � min(10; 11 � i1)Note that the domain set for i1 statically bound in In-equality 1 satis�es Inequality 2 and that the domainset for i2 statically bound in Inequality 1 satis�es In-equality 3. Consequently, the bindings of Inequality 1are suÆcient to determine a subregion of the solutiongiven by Fourier's Method of Elimination The solutiondetermined solely by Inequality 1 when the static (lo-cal) bindings of i1 and i2 are incorporated is:1 � i1 � 3max(7; 9 � i1) � i2 � min(8; 11� i1)
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for i1 = 1 to 3for i2 = max(7,9-i1) to min(8,11-i1)doit(...) for i2 = 7 to 8for i1 = 9-i2 to 11-i2if (i1,i2) in the valid computation setdoit(...)(a) (b)for i1 = 1 to 3for i2 = 9-i1 to 11-i1if (i1,i2) in the valid computation set for i1 = 9-i2 to 11-i2 (when i2 bound to {7,8})intersection withfor i2 = 9-i1 to 11-i1 (when i1 bound to {1,2,3})doit(...)(c) (d)Figure 8: Linguistic interpretations of Example 4.This solution region in shown in Figure 7(a) as theshaded area. The �lled in circles represent the con-tained points.Alternatively, let i1 be determined from some func-tion of i2 and also let i2 be determined from some func-tion of i1.9� i2f7; 8g � i1f1; 2; 3g � 11� i2f7; 8g (4)9� i1f1; 2; 3g � i2f7; 8g � 11� i1f1; 2; 3g (5)Note that Inequalities 4 and 5 are consistent with com-puting the solution by Fourier's Method of Elimination.In fact, each of these inequalities actually speci�es theelimination of i1 and i2, respectively.Note that in Inequality 4, i1 remains statically boundto the set f1; 2; 3g and in addition, is dynamically boundto the region speci�ed by the following inequalities.for i2 = 7 2 � i1f1; 2; 3g � 4for i2 = 8 1 � i1f1; 2; 3g � 3The polytope resulting from consideration of the dy-namic bindings only is shown in Figure 7(a) as the dot-ted region. This alternative interpretation requires theevaluation of the static bindings (the domain set) fori2, but not for i1, that is, i1 may be considered the de-pendent variable. Similarly, Inequality 5 speci�es thefollowing region:for i1 = 1 8 � i2f7; 8g � 10for i1 = 2 7 � i2f7; 8g � 9for i1 = 3 6 � i2f7; 8g � 8This polytope from the consideration of the dynamicbindings is also shown in (a) as the dashed region. Thespeci�ed polytope from Inequality 1 when consideringboth type of bindings is the intersection of the dashedand dotted polytopes. The intersection is in fact thesame as computed earlier using Fourier's Method.Several possible linguistic interpretations of Inequal-ity 1 exists. Four particularly interesting interpreta-tions are subsequently discussed. The �rst, shown inFigure 8(a), corresponds to the solution region whenboth static and dynamic bindings are fully taken intoaccount and is obtained by Fourier's Method of Elimi-nation as described earlier. Recall that from Inequali-ties 4 and 5, the polytope can also be computed fromthe intersection of two(convex) polytopes. Figure 8(b)corresponds with Inequality 4 while (c) correspondswith Inequality 5.When considering the de�nitions of linguistic car-ried semantics, the linguistic interpretations in Fig-ure 8(a) though (c) actually specify a dependence of

one variable upon the other that is induced by linguis-tic carried semantics only. This signi�cance of the non-linguistic semantics is not captured by these linguisticinterpretations. The linguistic interpretation shown inFigure 8(d), however, captures the signi�cance of thenon-linguistic carried semantics. Note that the speci�-cation primitive intersection with is an artifact in-duced by the non-linguistic geometric semantics.3.3.2 A Prototype Software SystemThis section presents a prototype software system thatassists in the exploration of various geometric domainspeci�cations and the corresponding linguistic repre-sentations of such speci�cations1. Currently, only thelinguistic correspondence in Rp is explored and onlyto the extent of a particular selection of independentand dependent domain sets. The software currentlydoes not support the intersection with primitive de-scribed earlier nor multiple static bindings. The soft-ware does provide for linguistic interpretations of thegeometric speci�cation presented earlier for purposes ofunderstandability and linguistic veri�cation of speci�edcomputation collections.In keeping with this purpose, the input is in theform given earlier, however, a small modi�cation to thede�nition of the matrix has been incorporated. Here,the matrix is a p�p matrix of functions such that eachcolumn determines a particular single loop nest. Theoutput is a for loop nest corresponding to the giveninput such that successive columns in the matrix spec-ify successive loop nests, respectively. The geometricobject (polytope) is thus represented in the output bythe bounds of each of the loops, the set of valid com-putation points are explicitly enumerated in the loopbody.Conceptually, the principal data structure is theset which provides for the speci�cation of the domainof the various indecies. Collections of set are pro-vided by a matrix abstraction. Currently, sets are de-scribed by functions that provide for a set's enumera-tion. Figure 9 presents the Uni�ed Modeling Language(UML) [6] class diagram for this software.Consider the re-formulated system correspondingto that used earlier:[9; 9] � [i1; i2]� h f1; 2; 3g f1; 2; 3gf7; 8g f7; 8g i � [11; 11]The outer loop, i1 will be determined from the �rstcolumn whereas the inner loop, i2 will be determinedfrom the second column. That is,9 � i1f1; 2; 3g+ i2f7; 8g � 11is explicitly speci�ed twice in this software. Note thathere Inequality 1 is used twice as per Inequalities 41The assistance of S. Saladin and S. Humes who contributed tothe program implementation of this prototype is acknowledged.5



Figure 9: UML class diagram for the prototype soft-ware systemand 5. Also note that the set of valid computationpoints is inherently `rectangular' inR2 due to the use ofall domain values to specify valid computation points,that is, (1; 7) is added to the set of valid computationpoints used above.Figure 10 shows the output of an execution of theprototype software for this speci�cation. The `lowerbounds constant matrix', `variable reference matrix'and `upper bounds constant matrix' correspond exactlyto the geometric speci�cation presented above. Thecomplete loop nest is also shown at the bottom of theoutput.Lower bounds constant matrix:| 9 9 |Variable reference matrix:| f(1,3,1) f(1,3,1) || f(7,8,1) f(7,8,1) |Upper bounds constant matrix:| 11 11 |for I1 = 1 to 4for I2 = 6 to 10if I1 is an element of { 1, 2, 3 } &&if I2 is an element of { 7, 8 }Figure 10: Example output4 Summary and ConclusionThis paper proposes, by example, geometric speci�ca-tion as a new method of parallel program speci�ca-tion to address current parallel programming diÆcul-ties. The focus of geometrical speci�cation is the con-struction of spatially, temporally or hierarchal orderedgroups of computations. The spatial grouping of com-

putations can be abstracted by enclosing the computa-tions by polytopes. Properties consisting of additionalrelationships over the enclosed computations may beadded to the polytope. Hierarchies of abstractions canbe formed by collections of polytopes.An informal review of linguistic and non-linguisticcarried semantics has been provided. Linguistic carriedsemantics is based on translating an initial linguisticspeci�cation of a program segment to a correspondinggeometric speci�cation whereas non-linguistic carriedsemantics is based on the initial speci�cation of groupsof program components in the geometric domain.The primary contributions of this paper are thepractical results observed from the three case studiesthat were presented. In particular, initial program rep-resentation in the geometric domain is possible andseems to be a natural extension of human thought ex-pression for certain types of problem solutions. Also,the work reported in this paper supports the idea of`query-responsive' software development, that is, forexample, programmers may be able to `interact' withthe software by formulating queries. Lastly, mathemat-ical formulations were presented by example as well asa prototype software system that provides for under-standing and exploration of this formulation.References[1] B. J. d'Auriol, S. Saladin, and S. Humes, \Lin-guistic and non-linguistic semantics in the polytopemodel," Tech. Rep. TR99-01, Akron, Ohio, 44325-4002, January 1999.[2] C. Lengauer, \Loop parallelization in the polytopemodel," CONCUR'93, 1993, E. Best, (ed.), LectureNotes in Computer Science 715, Springer-Verlag,pp. 398{416, 1993.[3] P. Feautrier, \Automatic parallelization in thepolytope model," in The Data Parallel Program-ming Model, G. Perrin and A. Darte, (eds.), Lec-ture Notes in Computer Science 1132, pp. 79{103,Springer-Verlag, 1996.[4] U. Banerjee, Dependence Analysis. 101 PhilipDrive, Assinippi Park, Norwell, MA, USA, 02061:Kluwer Academic Publishers, 1997.[5] C. A. Sha�er, A Practical Introduction to DataStructures and Algorithm Analysis. Upper SaddleRiver, New Jersey, 07458: Prentice Hall, 1997.[6] G. Booch, J. Rumbaugh, and I. Jacobson, The Uni-�ed Modeling Language User Guide. Object Tech-nology Series, One JacobWay, Reading, MA, 01867:Addison-Wesley, 1999.
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