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Multicomputer Implementations of Systolic Computations: AUni�ed ApproachBrian J. d'Auriol�Department of Computer Science and Engineering,Wright State University,Dayton, Ohio,USA, 45435Virendrakumar C. Bhavsar yFaculty of Computer Science,University of New Brunswick,Fredericton, New Brunswick,Canada, E3B 5A3AbstractWe propose a uni�ed approach for implementing systolic computations on dis-tributed memory multicomputers (DMMCs). Advantages of this approach includeits applicability to a wide range of systolic algorithms, DMMCs and computer lan-guages. It also incorporates the evaluation of expected execution times for di�erentpossible implementations of a given systolic computation and the generation of sourcecode for a selected implementation. We present the details of the various stages ofthe uni�ed approach including the generation of a systolic array, several partitioningschemes and related theorems, source code generation, execution time analysis andoptimization based on performance models. The intended use of the approach is forbuilding a compiler that would accept a systolic algorithm speci�cation as input andwould generate an e�cient executable object program.�Supported by NSERC doctoral fellowship.yPartially supported by NSERC grant, OGP0089.ii



1 INTRODUCTIONSince its introduction in 1978 by Kung and Leiserson, systolic processing has beenand continues to be an important research area. A signi�cant reason for this researchinterest is the potential to exploit the intrinsic parallelism in computations lendingthemselves to systolic processing solutions. Another important reason is that thereare many application areas of systolic processing including digital signal processing,matrix computations, symbolic processing, sorting and relational databases.Implementations of systolic processing have typically been either in special pur-pose VLSI or on special purpose computers. Special purpose VLSI implementationssu�er from limited programmability, higher cost, high input/output requirements andclock skew (see for example [1] and [2, Chapter 1]). Special purpose systolic comput-ers, like the Warp, have addressed some of these concerns. However, these computershave higher costs and limited applications compared to general purpose computers.Nowadays, distributed memory multicomputers (DMMCs) are readily available,general purpose scalable computers. Examples of DMMCs include IBM SP2 andmulti-transputer systems [3]; the latter, in particular, o�er low cost solutions. Soft-ware implementations of systolic computations on DMMCs are attractive due to theirgenerality, portability, lower costs and 
exibility.The implementation of systolic computations on DMMCs is often di�cult. Themain reason is that systolic computations have �ne grain parallelism whereas DMMCsare well suited for medium and coarse grain parallelism. This obvious mismatch inthe granularity necessitates e�cient partitioning and mapping of systolic computa-tions onto DMMCs. Such partitioning may be di�cult since more than one distinctimplementation may be possible and the choice of the implementation may requireevaluation of many di�erent factors. In addition, program development on DMMCsis usually time consuming, error prone and may be limited to a speci�c architec-ture. Consequently, trained or experienced parallel programmers are often needed1



thus increasing the cost of the development.Megson in [4] gives a discussion of relative strengths of various multi-transputerimplementations of systolic programs for the model reduction problem in control the-ory while Rice and Seidman in [5] present a multiple transputer implementation of amodel for generalized systolic computation. Lengauer et al. in [6] proposes a two stepcompilation scheme for systolic algorithms while Megson and Comish in [7] presentsa systolic algorithm design environment within which a systolic compilation schemeis discussed. The SDEF system [8] was designed to assist with systolic research, thatis, to provide a tool which \... can be used to express the results of the analysis,synthesis and optimization performed by other tools".None of these approaches generate di�erent possible implementations which canthen be compared in order to determine an e�cient �nal implementation. Further,in the above work there is a lack of a general framework for the implementationof systolic computations on general purpose DMMCs. Lastly, e�ciency issues ofthe implementations are not addressed in detail. In [9], we have outlined a generalstrategy that addresses these issues.In this paper, we propose a uni�ed approach for the implementation of systoliccomputations on distributed memorymulticomputers. The intended use of the uni�edapproach is to build a compiler which would accept a systolic algorithm speci�cationas input and would generate an e�cient executable object program.This paper is organized as follows. The objectives of the proposed uni�ed ap-proach, some de�nitions and an overview of the stages of the uni�ed approach aregiven in the following section. These stages as well as the necessary components re-quired for the execution of these stages are detailed in Section 3. Finally, concludingremarks are given in Section 4. 2



2 THE UNIFIED APPROACH2.1 OBJECTIVESThe main objectives of the proposed uni�ed approach for the implementation ofsystolic computations on DMMCs are: (a) the applicability to arbitrary systolic al-gorithms, (b) the applicability to general purpose DMMCs, (c) the incorporation ofexecution time optimization, (d) the inclusion of necessary performance models, (e)the provision for a framework in which the techniques for the derivation of systolicarrays and for source code generation are included, and (f) the provision for as muchautomation as possible when fully implemented.2.2 DEFINITIONSIn this section, we present a few de�nitions which are used in the rest of the paper.Megson [2] de�nes the term recurrence relation as a mathematical equation whichcan be expressed in the following general form f(p) = g(f1(q1); : : : ; fk(qk)), wherethere are k > 0 terms of function g representing the k > 0 occurrences of the re-currence variable represented by the function f . The index space p and q1; q2; : : : ; qkare vectors which represent the dimensionality of the recurrence (with q being theset of dependencies on p). Additionally, a uniform recurrence relation is a uniformrecurrence equation if and only if qi = p�wi such that all wi are constant vectors for1 � i � k.De�nition 1: A systolic algorithm is a set of uniform recurrence relations combinedwith the recurrence relation inputs (bases of the recurrence relation) and the lowerand upper limits of each dimension in p and q.De�nition 2: A systolic array s has a de�ned geometry (represented as a graph) Gcombined with a data sequencing I (in space and time) and a set of computationalfunctions F mapped to each vertex in G: s = (G; I; F ).In this paper, systolic design methodology refers to methods and procedures usedto transform a systolic algorithm into a systolic array. A wavefront array is a systolic3



array with the additional characteristic that the data sequencing (I) is such that awavefront is obtained in the progression of the computations in s. A systolic imple-mentation is any valid computer program (coded in some language and executable ona particular target machine) which has the same outputs as the given systolic array.2.3 THE APPROACHWe have identi�ed six stages necessary to achieve the objectives of the uni�ed ap-proach. These stages are shown in Figure 1 and are described below:1. Systolic Array Generation: A systolic array conforming to both De�nition 2and to a set of restrictions (see Section 3.1) is generated by one of the severalexisting methods of systolic array generation.2. Systolic Array Partitioning and Mapping to Architecture: The partitioning andsubsequent mappings of the systolic array in general lead to di�erent source coderepresentations (including the sequential program). Di�erences may includepossible variations in the communication or computation program structures.Although partitioning of systolic arrays is not new, our approach is di�erentfrom previous work in that we consider the partitions as cuts of G and I (referto De�nition 2) where G is embedded into the Cartesian coordinate system.3. Source Code Representation: In order to meet the objectives, a representationof the partitioned systolic array in a speci�c machine-dependent environmentis required. A machine-dependent environment includes the language (e.g. anysource code language, normally a high level language), con�guration languageand machine characteristics. The execution of this stage combines the parti-tioned systolic array with the machine-dependent environment thus represent-ing the complete source code required for the implementation on the particularDMMC. 4
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Figure 1: Uni�ed process relationships.4. Evaluation: This stage evaluates the expected execution time of each of thepossible source code program representations and determines the optimal one.The following tasks are required for this purpose:(a) Performance modeling of the object (executable) program which wouldbe generated from a speci�c source code representation. Note that sincewe are interested in generating an executable program, our performancemodeling is based on the estimation of the expected execution time of the5



object program.(b) Analysis of both the computation and communication time expected forthe source code representation.(c) Dependency analysis of the processor mappings of the source code repre-sentation.5. Code Generation: This stage generates the actual source code correspondingto the source code representation (from stage 3) that has been selected by theEvaluation stage.6. Compilation of the Source Code: A native compiler on the target machine isemployed to generate the object code.Also shown to the right in Figure 1 are the �ve tasks (indicated by �i) which areresponsible for executing the stages in the uni�ed approach.Given the speci�cation for a systolic algorithm as well as a number of requiredparameters (e.g. number of processors available, computational and communicationalaspects of the target DMMC), application of the stages of the uni�ed approach wouldresult in an object program for that algorithm speci�cation. This object programwould have been selected from many candidate implementations and consequently,represents an e�cient program.The algorithm speci�cation used as input to Stage 1 should conform to De�nition 1and be in as simple (from the point of view of the programmer) a form as is possible.In this way, the user need not be concerned with identifying speci�c features of systolicprocessing, but rather, can concentrate on specifying the required tasks. Clearly, aspeci�cation language will need to be adopted.For the purposes of this work, we assume that some algorithmic speci�cationfor the input is available since almost any language can be used in this manner.Stage 1, the generation of a systolic array, is a known process and details can be6



found in [2, 7]. We place some restrictions on the systolic array that is derived(see Section 3.1); however, we allow any systolic design methodology to be used. Wedevelop a notation based on the uni�ed approach in which to represent systolic arrays.The principal advantage of our formalism is to concisely describe the partitioningprocess. There are several other formal models (see for example [7, 10, 11] and thereferences therein) which could possibly be extended so as to be used within ouruni�ed approach. Stage 5, Code Generation, is assumed to exist and consequently,the details of this stage are not addressed in this paper. As well, the last stage(the Compilation stage) assumes the existence of language compilers for the targetmachine. Since this is reasonable, we also do not include a detailed discussion ofthis stage in this paper. In this context, in this paper, we restrict the discussion toStages 1-4 of the uni�ed approach.3 STAGES OF THE UNIFIED APPROACHIn this section, we detail Stages 1-4 of the uni�ed approach presented in the previoussection. Each of the four stages are discussed in the following order: (a) �rst newnotations are introduced, (b) then, the execution of the stage is discussed, and (c)�nally, any necessary components required for the execution of stage are discussed.3.1 STAGE 1: SYSTOLIC ARRAY GENERATIONSince this stage consists of a known procedure, we very brie
y discuss the executionof this stage; however, as mentioned in the previous section, we place restrictions onthe systolic array that is derived.NotationFollowing the usual notation of representing the geometry of a systolic array as adirected graph (see for example the formal notation used in [10]), we denote the7



geometry of an arbitrary systolic array as G = (V;E; ��; �+), where V is the set ofvertices, E is the set of directed edges, and ��; �+ are functions which map E toV with ��(e); �+(e) representing the source and destination nodes respectively forthe edge e 2 E. The input to Stage 1 is a given systolic algorithm conforming toDe�nition 1 and is denoted by A. The method used in Stage 1 for systolic arraygeneration is denoted by �1 and the set of all possible systolic arrays that can begenerated by �1 is represented by S = fs0; s1; : : : ; s�Sg. Each si 2 S will have anassociated systolic geometry denoted as Gsi .ExecutionAs mentioned in Section 2, there exist several systolic array design methodologies; theProjection Method [2] is seemingly the more popular. The result of the application ofa systolic array design method is a set of systolic array solutions for the given systolicalgorithm. For example, in the Projection Method, di�erent systolic arrays resultfrom di�erent pairs of timing and allocation functions (see the discussion in [2]).We compactly represent the systolic array generation process by the following:�1(A) 7! S (1)Selection of a Systolic ArrayFrom the preceding discussion, it is clear that there may be many possible systolicarray solutions for a given systolic algorithm. We are interested in selecting a singlesystolic array solution; this would consequently provide for an invariant geometry,data sequencing and functions during the application of Stage 2 of the uni�ed ap-proach consisting of namely, the Partitioning and Mapping process.From De�nition 2, a systolic array has three principal parts: s = (G; I; F ). In thissection, we are concerned with the geometry (G) and data sequencing (I) , but not8



with the functions (F ) of the systolic array. Our choice for the geometry of a systolicarray is motivated by the following considerations: (a) its ability to accommodatemany common systolic array geometries, (b) simple coding requirements, and (c)e�ective speedup in the computation.We impose the following restrictions on G and denote the resulting graph as Ĝ:1. A two-dimensional mesh with two diagonals [12] consisting of interior nodes ofdegree six; this has been referred to as a hexagonal topology [2, page 16] andalso as a hexagonally mesh-connected processor array [13, page 273]. This hasbeen widely used for matrix multiplication [13, page 277]. For simplicity, wewill henceforth refer to a graph which has this structure as a hexagonal graph.This graph has �nite but arbitrary dimensions.2. The set of directed arcs that are allowable from the �rst restriction are furtherrestricted as follows. Asynchronous communication occurs when the directedarcs are considered as the communication pathways in the systolic array, result-ing into a wavefront array.3. There is a single source and a single sink for data.As indicated in [14], the hexagonal graph is a super-graph of many of the more com-mon systolic array geometries found in systolic computations. A sub-graph of Ĝ, thesquare mesh, has been used in a similar context in [5]. A wavefront array both sim-pli�es the coding requirements (for example, by eliminating global synchronization)and provides a mechanism to allow speedup. For example, by careful allocation ofsystolic cells to processors of the DMMC based upon the property of the wavefrontprogression, namely, that computation aligned along the wavefront can be carriedout simultaneously, one can exploit intrinsic parallelism. A single source and sinkrequirements also simplify the coding requirements by imposing a single input and asingle output point in the corresponding source code program representing the imple-mentation. The single source-sink restriction of Ĝ poses little or no restrictions on its9



use in the context of the uni�ed approach, since a direct application of the retiminglemmas of Leiserson and Saxe as discussed by Megson [2, pp. 49-54], can perform thetransformation of a systolic array s1 = (G; I; F ) with many inputs and outputs alonga boundary to a systolic array s2 = (Ĝ; Î; F̂ ).To summarize, the following restriction is placed on �1:�1(A) 7! s 2 S (2)where s = (Ĝ; I; F ).3.2 STAGE 2: PARTITIONING THE SELECTED SYS-TOLIC ARRAYHaving now derived a systolic array s = (Ĝ; I; F ) for the given systolic algorithm, wenow consider the partitioning problem. Since there is a mismatch in the granularityof the systolic array and a DMMC, the systolic array needs to be partitioned intoblocks of computations so that when these blocks are allocated to physical processorsin the DMMC, the granularity mismatch is reduced or eliminated.There are two principal forms of partitioning: locally parallel globally sequential(LPGS) and locally sequential globally parallel (LSGP) [15]. The former partitionsan array into blocks which are then computed sequentially in time while the latterpartitions an array into blocks which are then allocated to a processor. We discussseveral partitioning schemes in this section which are either LPGS or LSGP.NotationWe embed Ĝ into the Cartesian plane such that the origin coincides with the vertexrepresenting the �rst computational node (i.e. the source) in Ĝ with all verticesin Ĝ lying in the positive x; y quadrant. A vertex in Ĝ is identi�ed by vi;j 2 Vwhere i; j are positive integers. For all vertices in Ĝ, the distance between vi;j andvi+1;j is unit distance and the directed edge, e, with ��(e) = vi;j;�+(e) = vi+1;j, has10



associated with it a direction vector (1; 0). Similarly, the distance between vi;j andvi;j+1 is unit distance, and for the edge e, ��(e) = vi;j; �+(e) = vi;j+1, has associatedwith it a direction vector (0; 1). The distance between vi;j and vi+1;j+1 is p2. Theedge e, ��(e) = vi;j;�+(e) = vi+1;j+1, has associated with it a direction vector (1; 1).The dimensions of the graph are denoted by Ni and Nj in the i and j directions,respectively.We further de�ne the data sequencing I as follows. Let Idi represent the datasequencing in the d direction for the ith time instant, where d is a directional vectorand an element of the set f (0,1), (1,0), (1,1) g. Thus I(1;0)0 would be the 0th dataelement in the positive x direction; I(1;1)2 would be the second data element in thepositive x; y direction (i.e. diagonal), etc.Figure 2 illustrates both the geometry of Ĝ and the notation introduced abovefor a 5 by 5 array size (the heavy dashed lines in Figure 2 are discussed later). Thedirections of the x and y axes are shown in the upper left part of the �gure andthe actual origin is indicated by the �lled in node. The input data is applied at thevertex located at the origin. The top row and left column, in addition to the normalsystolic computation, provide functions to appropriately distribute the data inputs.The data inputs, once distributed, move according to the established data sequencing.Although the restriction of single source does not impact upon the correctness of thecomputations, it does have impact on the execution time.We denote by c either a line or a simple closed curve which induces a cut ofĜ such that the two sub-graphs of Ĝ are connected by the cutset induced by c.We group related simple curves together (where the relation is based on some set ofcharacteristics, for example, lines having the same slope) and denote this set of simplecurves by C. We denote by � a set of related sets of simple curves� = fC1;C2; : : : ;C��g; (3)where each Ci is a set of zero or more simple curves. Consequently, each individual11
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not pass through any vertex in Ĝ (i.e. the curves do not pass through the points (i; j)for integer i; j). The type of partitioning discussed above is a spatial partitioning ofthe systolic array and leads to a LSGP type of partition.We also consider the partitioning of the systolic array, s, along its time axis. Thatis, the data sequencing I consists of data elements moving in a particular directionwithin the systolic array at a particular time instant. We employ the notation devel-oped above for spatial partitioning for the temporal partitioning case as well. Let cprovide a cut of the linear time line. The rest of the de�nitions pertaining to C and� remain the same. This type of partitioning leads to a LPGS type of partition.Examples of four sets of � are shown in Figure 2: Diagonal (�d), Orthogonal (�o),Rectangular (�r) and Temporal (�t). An example of a simple curve from each typeof � is shown by a heavy dashed line in the �gure. The characteristic for �d is thatall cuts are formed by straight lines of the form, y = x+ b, while for �o all cuts areformed by straight lines, all of the form y = b or all of the form x = b (combination ofthe two forms is disallowed since it would naturally lead to the type of partitions in�r). The �r consists of simple closed curves forming a rectangle while �t (as discussedabove) consists of cuts in the time domain.We de�ne an input wave, W, as a collection of the following data sequencingelements: fI(1;0)i ; I(0;1)i ; I(1;1)i g; the number of waves is denoted by W. In Figure 2,there are three input waves shown by the light dashed lines. We de�ne an augmentedgraph of Ĝ as Ĝ0 = (V;E[ �E; ��; �+), where �E is a set of edges such that ��(e 2 �E) isthe vertex at position (i; j) and that �+(e 2 �E) is the vertex at position (i+1; j� 1),where 0 � i � Ni; 0 � j � Nj (i.e. diagonal edges perpendicular to the set of diagonaledges in E). Additionally, an edge e 2 �E is de�ned so that it does not intersect any cutlines. The incorporation of �E edges in the graph does not change the data sequences(I) or cell functions (F ) in any way since no information is assigned to these edges.Lastly, we de�ne the processor topology of a target machine as a graph Gp =(V p; Ep; �p�; �p+). In the following subsection it is shown that Gp would consist of13



supernodes and superedges constructed from the nodes and edges, respectively, of Ĝ.ExecutionThe execution of Stage 2 consists of applying a particular C 2 � to s = (Ĝ; I; F )so as to arrive at a particular Gp: C(Ĝ) 7! Gp. Figure 3 shows the algorithm usedto determine Gp. Essentially, each Ri is mapped to a unique vertex V p and eachcutset de�ned by C to a unique edge Ep. An interpartition region is itself a graphand by this algorithm, each of these graphs is represented by a single node in V p;also multiple edges are represented by a single edge in Ep. Consequently, Gp is agraph of supernodes and superedges. We then allocate each supernode to a processorand each superedge to a physical communication link between processors. Each Riis identi�ed by considering all e 2 E as follows. If an edge is in a cut set, then thatedge represents external communication requirements for the corresponding processor,otherwise, that edge represents internal communication requirements. All vertices ina particular block of the partition that do not have any associated edges in the cutset are grouped together: this de�nes the supernodes. Edges in the cut set are alsogrouped together and form superedges.Under certain situations, there may be insu�cient information in Ĝ to determinea particular Ri by the above method. We introduce the following de�nition to ad-dress this problem and substitute Ĝ0 for Ĝ during the application of the partitioningalgorithm: C(Ĝ0) 7! Gp. Since we are only concerned with identifying physicallyneighboring vertices in an interpartition region, we ignore the directions of the edgesof G for the following de�nition.De�nition 3: A satis�able group of cuts is a set of cuts C 2 � on G which satis�eseither of the following two conditions for all blocks of the partition de�ned by C(G):1. jjRjj = 1, or2. there exists at least one path (assuming each edge in G is undirected as statedbefore) which entirely lies within the subgraph (i.e. the path does not cross anyc) between any two vertices in R. 14



Choose C 2 �.Let Gp be an empty graph initially.For each edge, e 2 E [ �E doBEGIN/*There are two possibilities: either the edge intersects with a c 2 C or it doesnot.*/1. If an e intersects with c thenBEGIN(a) if ��(e) is not already part of the graph of a supernode, thenV p  V p [ ��(e),(b) if �+(e) is not already part of the graph of a supernode thenV p  V p [ �+(e),(c) add e to the superedge Ep.END2. OtherwiseBEGIN(a) if ��(e) is in a graph and if �+(e) is not in a graph of a supernode, thenadd �+(e) to the graph of a supernode containing ��(e).Otherwise, if neither ��(e) nor �+(e) is an any graph of a supernode inV p, then add them both to the same supernode.ENDEND Figure 3: Partitioning algorithm.Theorem 1 Given s = (Ĝ; I; F ), Gp = (V p; Ep; �p�; �p+) and any non-temporal groupof cuts C on Ĝ then, C on Ĝ results in interprocessor communication requirementswhich can be satis�ed by Gp: C(Ĝ) 7! Gp.Proof.From the preceding discussion, C(Ĝ0) can be substituted for C(Ĝ). As a result ofusing the partitioning algorithm, each vertex in Gp represents a block of the partitionde�ned by C on Ĝ. This is evident since each edge in Gp exactly corresponds to alledges in Ĝ which intersect the corresponding cut. And, any vertex in Gp has been15



constructed such that at least one outgoing and one incoming edge cross a cut line(other than the two blocks of partition which contain the source and sink). Also,all vertices in Ĝ which have at least one edge that does not cross a cut (i.e. anedge which is fully internal to a block of the partition) have been amalgamated intoa single vertex. Since the satis�able group of cuts condition is given by using theaugmented graph de�nition, all vertices in Ĝ have now been accounted for and thetheorem follows. 2Example 3.1 Figure 4 shows a 3 � 3 systolic array with geometry Ĝ and twopartition curves, c1; c2. Note that c1 and c2 do not belong to any � considered inthis paper and are used to demonstrate the application of the algorithm in a generalcontext. All edges in E, but not in �E, have been explicitly identi�ed; edges in �E areshown by dashed lines.
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e4 are treated similar to edge e2; the corresponding processor graph is shown inFigure 5(b).Since edge e5 does not intersect with any partition curve, the steps in part 2 ofthe algorithm are applied. The �rst condition holds true and consequently node (1; 0)is added to the supernode (0; 0) in the processor graph. This procedure e�ectivelycombines the two nodes into one. The next two edges, e6 and e7, are consideredsimilarly. Figure 5(c) shows the resulting processor graph from this sequence of steps.Note that the original nodes (1; 1) and (1; 2) in the processor graph no longer exist assingle nodes; a di�erent edge selection order could have resulted in these nodes notbeing distinct nodes at all.When all the edges in E have been considered, the �nal processor graph consistingof three supernodes and two superedges is as shown in Figure 5(d), which representsa linear pipeline consisting of three processors.
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their use is necessary. For example, two partition curves having equations y = �x+0:5and y = �x + 1:5 de�ne two cuts parallel to each other and to edges in �E. In theprevious example, nodes (0; 1) and (1; 0) can only be identi�ed together by consideringedges in �E.Corollary 1 Gp is a minimum graph which satis�es the interprocessor communica-tion requirements of a systolic array, s.Proof.The proof is by contradiction. Assume Gp is not a minimum graph. Then, any edgein Ep can be removed. However, by Theorem 1, each edge in Ep corresponds to anedge in E which intersects and thus crosses a cut line; also each vertex in V p is agraph consisting of the vertices of a block of partition. The removal of an edge wouldclearly violate the requirement that two blocks of partition are interconnected by anedge which crosses the cut line. The removal of a vertex from V p would cause theassociated graph of the supernode to disappear. Thus, Gp is a minimum graph. 2Corollary 2 Given s = (Ĝ; I; F ), Gp = (V p; Ep; �p�; �p+) and � 2 f�d; �o; �rg on Ĝthen �(Ĝ) 7! fGp1; Gp2; : : : ; Gp�Gg, where the resulting set of graphs di�er only in thenumber of supernodes and superedges, but not in the nature of their connectivity.Proof.Since � is a set of a �nite number of sets of C, we can enumerate all of the resultingGp by applying Theorem 1 to each C 2 �. Since the form of the lines (or simpleclosed curves) in � have been de�ned and due to the regularity of Ĝ, each C willpartition the systolic array such that the blocks of the partition will have identicalstructures, di�ering only in the number of such blocks. 218



The processor topologies implied by the partitioning (see Theorem 1 and the asso-ciated corollaries) may or may not be unique. This observation leads to the followingthree possibilities: (a) any two or more arbitrary partitions on the systolic array maylead to the same processor topology, (b) any two or more arbitrary partitions maylead to a set of processor topologies which are subgraphs of one of the processortopology graphs, or (c) any two or more arbitrary partitions may lead to distinctlydi�erent processor topologies.In the following theorem, the term intermediate results refers to results from anypartial evaluation of a particular computation which are used in the evaluation ofother computations. The most common type is the result of one systolic cell beingused as an input to some other systolic cell.Theorem 2 When no intermediate results are used in the computation of s, thetemporal partition �t on a systolic array s = (Ĝ; I; F ) results in W2 individuallydistinct processes.Proof.Let t0 be associated with the �rst time front (which also corresponds with the time ofthe �rst activation in s) and ti be associated with the ith time front, i � 0. Considerthe �rst region of t0 with inputs I0 individually. A cell at position (x; y) for x = y inĜ requires one time unit for the data located at positions (x� 1; y) and (x; y� 1) toreach (x; y) and consequently x time units from the border. Thus, input data fromI0 arrives at cell (i; i) at the ith time instant, ti. Now consider a cell at position (x; y)with x 6= y. Let ty be the required time units for I(0;1)0 inputs to arrive and tx be therequired time units for I(1;0)0 to arrive. By the previous argument, input data fromI0 will arrive at cell (x; y) at time instants tx and ty and since x 6= y, the inputs willnot arrive during the same time step. Useful computation can only occur then in themain diagonal. A sequential ordering is imposed on all the cell activations with thenumber of cells activated equal to the number of inputs in I(0;1)0 = I(1;0)0 . The diagonal19



components of I do not contribute to this discussion since it also requires one timeunit for data located at position (x� 1; y � 1) to reach (x; y).We now consider the region of Ii. Similar to the I0 case, the cells in the maindiagonal (i.e. (x; y) for x = y) will activate (although the activations would normallybe spatially displaced and start at cell (x+ i; y + i)). Cells in the diagonals adjacentto the main diagonal (i.e. (x; y) for jx � yj = 1) will activate as inputs Ii and Ii�1arrive Again, a sequential ordering on the cell activations exist. In general, the cell(x; y) for jx � yj = a will be activated in its respective diagonal whenever inputs Iiand Ii�a arrive. As previously stated, the contribution of the diagonal componentsmay be ignored with no loss in generality.From the above discussion, a sequential order is imposed on all cells in a diagonalduring any Ii region. We can now regroup inputs according to their allocation todiagonals. For the main diagonal the groups are I(0;1)i , I(1;1)i and I(1;0)i . For thediagonals ((x; y) for jx� yj = a), the groups are I(1;0)i , I(0;1)i�a and I(1;1)i or I(1;0)i�a , I(0;1)iand I(1;1)i .Since a sequential ordering is imposed on all cell activations within each diagonal,a diagonal is considered as a distinct computation. The number of diagonals to becomputed and hence the number of distinct computations required isWXk=1(2k � 1) = W2: (4)2By Theorem 2, the single systolic computation has been transformed into a set ofdistinct computations which can then be computed individually. We consider sucha set of computations to be amenable to the standard processor farming technique.Consequently, we adopt a single linear chain of processors for illustration in this paperand note that such a processor chain is a part of a general star network (commonlyused for processor farms).The processor topologies derived from Theorems 1 and 2, that are associated withthe partitions shown in Figure 2, are as follows: �d (diagonal) - linear bidirectional,20



�o (orthogonal) - linear uni-directional, �r (rectangular) - mesh or hexagonal uni-directional, �t (temporal) - linear bidirectional (an implementation of a processorfarm), and �s (sequential) - single processor. An example of the correspondencebetween the Diagonal Partitioning strategy and the linear bidirectional processortopology is given in Figures 6 and 7, while a similar example is given in Figures 8and 9 for the correspondence between the Orthogonal Partitioning strategy and thelinear uni-directional processor topology.
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ow requires di�erent high level language program representationthan a program with uni-directional data 
ow, and (b) extending from a linear net-work of four processors to �ve requires at least one additional process instantiation(along with appropriate communication channels) so that the �fth processor can beused. In each of these examples, the di�erences in the high level language program rep-resentation are often subtle. However, when considering speci�c high level languageand machine limitations, these di�erences may become very pronounced. Indeed, ithas been our experience[16, 17, 18] that manually coding the implementation varia-tions implied by the di�erent partitions lead to, at times, widely di�erent programstructures, impacting on both the communication and computation segments.22



3.3 STAGES 3 AND 4: SOURCE CODE REPRESENTA-TION AND EVALUATIONIn this section, we develop a model to represent the possible source code represen-tations implied by the partitioning process discussed in the previous section. It isreasonable to expect that a uni�ed model based on the uni�ed approach presented inthis paper is required to handle much (if not all) of the di�erences between variousDMMCs and source code languages. In this work, we have been heavily in
uencedby the Occam 2 language and transputer architectures [3]. Consequently, the modelwhich is developed in this section has been structured in a way so as to be able to rep-resent the important features of this environment; however, the model is not limitedto this environment. In particular, we are interested in a model which incorporatesthe following: (a) source code representation in some (possibly arbitrary) computerlanguage which is implied by the partition under study, (b) evaluation of the coderepresentation in terms of its execution time on a speci�ed target machine, and (c)allowance for any (possible arbitrary) target machines.In this section we also discuss the Evaluation stage and the performance modelstherein since we consider both stages within the context of an implementational object(de�ned below).De�nition 4: An implementational object, �, represents a machine independentsource code representation of an implementation (based on a speci�c type of topologyas determined by an application of Theorems 1 or 2) of a systolic algorithm. Formally,� = (�;P;�)where � is a set of prototype codes together with a set P of implementation parametersand a performance model �.The prototype codes are pre-de�ned source code templates which essentially arerules for generating source code in a language for which a native compiler is alreadyavailable. The set of implementation parameters describes the exact characteristics23



of the implementation. For the most part, these parameters are used in the associ-ated performance model. The performance model evaluates the expected executiontime for the given systolic algorithm. The performance model is parameterized sothat it can provide a good estimate of the execution time while maintaining generalapplicability.Lastly, � must be general enough that local program optimizations can be accom-modated. For example, if the graph associated with a supernode (in the processortopology graph) has many vertices, then sets of these vertices may be identi�ed viaedge contraction. The consequence at the programming representation level is thatthe number of �ne grain processes may be reduced while at the same time, the gran-ularity of each of the remaining processes can be increased. The implementationalobject is dependent upon the topology and language. Consequently, each � mustbe a pre-de�ned entity. We denote the process required to produce the implementa-tional objects as �2 and note that �2 deals with the generation of a systolic array, itspartitioning and the construction of the components inherent in an implementationobject. Below, we discuss the structure of an implementation object.The set of prototype codes, �, consist of structured elements,� = f�0; �1; : : : ; ���g,where each structured element, �i, represents the rules for the generation of a com-plete program template in some speci�c language. Usually �� will be very small and,typically, it is equal to one or two. It is expected that supported languages will fallinto two categories, those which are common (e.g. parallel versions of C and FOR-TRAN) and those which are specialized to an architecture (e.g. Occam 2 and W2 (alanguage developed for the WARPmachine)| although there is a recent emphasis onextending the applicability of Occam 2 to an architecturally independent language).Formally, � = (R̂ � R; L̂ � L) (5)where R represents the generation rules and L represents the supported languages.24



There are two basic functions of �i: �rstly, to allow the computation and commu-nication speci�c parts of the systolic algorithm under consideration to be includedand secondly, to provide the `harness' for such computation and communication. Thisharness will either be an interface to the operating system (where available) and/orwill provide the con�guration and allocation of physical processes and communicationchannels. In [16], we have presented an implementation of � for �d for the Occam 2language on a multiple transputer machine. We now generalize these ideas based onthe above considerations. Consequently, �i will consist of the following components.1. Partition Speci�cation: Details of the precise allocation of processes to proces-sors including communication channel names and datatypes (where applicable)are given. A typical partition speci�cation will consist of three sections: adeclaration section containing computation and communication speci�c infor-mation (e.g. the number of systolic processes, machine size and communicationdatatypes); a declaration section containing a description of the physical net-work, and the allocation section for instantiating all processes and to enablecommunication between such processes to occur.2. Input and Output Speci�cation: Details concerning the procedure used to sup-ply inputs to and extract results from the computational processes are given.An example of a straight forward procedure would be the packaging of the datainputs with initialization information and transmitting this to the source whilewaiting for output from the sink. More complex input/output controls may berequired in other circumstances however.3. Computation Speci�cation: A computational unit consisting of a local input,a computation process and a local output is speci�ed. The input and outputin this context consists of appropriate communication primitives linking othercomputational units together. 25



4. Communication Speci�cation: The communication speci�cation has three prin-ciple components. The input and output sections must be updated with theexact time and sequence of data required. The communication of data is oftento be embedded into an existing communication control structure, for example,a data packet.5. Router Speci�cation: This de�nes the nature of the communication betweenphysical processes as distinct from the logical requirements of the computation(see Communication Speci�cation). A typical router speci�cation would detailthe speci�cation of a simple channel monitoring loop, shunting the input/outputpackets to a computation process or to another processor.The performance model is intended to be applied to each prospective source codeimplementation which forms a possible solution to the given systolic algorithm. Thereis no need to generate the source code for each implementation until a particularimplementation has been chosen. As such, the performance model must take intoaccount factors from several domains: the 
exibility in the generation of the prototypecodes, architecture di�erences, the 
exibility in the way the systolic array can bepartitioned, the degree of local program optimization as well as the computation andcommunication requirements of the algorithm.A performance model (�) is de�ned as9pf 2 Pf ; 8pv 2 Pv j �(pf ; pv; �; s)! T (expected execution time): (6)where Pf and Pv are mutually exclusive subsets of P; Pf refers to the set of �xedparameters while Pv refers to the set of variable parameters. Fixed parameters re
ectthe structure of �, that is, particular language and run-time environments. Variableparameters re
ect the 
exibility of � (e.g. local optimizations, number of blocks ofthe partition, algorithmic details, etc.).This de�nition for � allows the performance model to be a good estimator since26



characteristics from all three domains, implementation, algorithmic and machine, aretaken into account. We have given a few performance models in [17].ExecutionThe implementational objects must be determined prior to their use in the executionof this stage. Once a set of implementational objects exist, the Source Code Repre-sentation stage can be executed. The application of this stage essentially combinesthe prototype codes (from the implementational objects) with the systolic algorithm(which, from the application of the previous stage, is now in a partitioned form of thesystolic array).An analysis of s = (Ĝ; I; F ) to determine the required communication, computa-tion and program structure is required. This analysis will provide: (a) appropriateinformation to the performance models, and (b) the information necessary to generatethe �nal source code representation. It is natural to sub-divide this procedure intoits three constituent parts, namely, communication, computation and program struc-ture. Then each part can be accomplished by employing individual tools. For theexecution of this stage, only the program structure task is required to be executed.The fourth stage, Evaluation, requires the other two tasks, namely, the communi-cation and computation analysis tasks. We have developed a tool called COMMANto analyze the communication requirements of Occam 2 programs [19]. We haveused COMMAN to analyze programs which have been generated by the executionof stage 3 and to provide estimates of the communication times for the Occam 2language and transputer implementations of these programs.The performance models associated with each of the possible implementationsunder consideration are now executed. Consequently, a set of predicted executiontimes is formed and the �nal implementation can now be selected.We have mentioned that local optimizations on the source code representationmay be considered. The blocks of the partition de�ned by a partitioning that have27



been considered in this paper are composed of groups of systolic array cells which areallocated to the same processor. There is no reason not to consider amalgamatingthese cell functions. Issues in such a process include granularity analysis (both of thealgorithm and machine) and communication dependences (i.e. amalgamating cellsmay impact upon the overall communication progression in the system). Additionaltasks may be de�ned for the execution of these local optimizations; however, sincethese tasks represent optional components in the model, we do not deal with themfurther in this paper.The result of the Evaluation Stage then, is the determination of which possibleimplementation would be the most e�cient for the given systolic algorithm.4 CONCLUSIONWe have proposed a uni�ed approach for the compilation of systolic computationsfor distributed memory multicomputers that is generally applicable to a wide rangeof systolic algorithms, DMMCs and computers languages. Furthermore, in [17], wehave developed a model based on the uni�ed approach. The application of the modelis expected to eliminate or signi�cantly reduce existing problems with soft-systolicimplementations.The uni�cation in the proposed approach is three-fold. Firstly, we have developeda framework whereby we incorporate several existing models and procedures in sys-tolic processing, namely, systolic array design methods and models. Secondly, we haveconsidered the e�cient software implementation of these algorithms | a uni�cationof the common ideas in VLSI solutions with the generality of programming solutions.Thirdly, we have incorporated algorithmic, implementational and machine character-istics into our approach | a uni�cation of three fundamental computing concepts.The approach we have proposed is two-layered with the �rst layer specifying the uni-�ed abstractions while the second layer details the structure of objects representing28



the source code generation and performance modeling of implementations.We believe that this is the �rst uni�ed approach that deals with the aspects ofgenerality, optimizations, prediction and e�ciency from speci�cation to implementa-tion within a uni�ed context. We expect that an application of the approach willresult in a more productive environment for systolic processing.Details concerning the derivation of two (�d and �t) implementational objects aregiven in [17, Chapters 4 and 5] and in [18] while in [16, 20] we have further discussedthe role of prototype codes. Some additional details relating to partitioning strate-gies also appears in [20]. The development of a uni�ed model, based on the uni�edapproach discussed in this paper can be found in [17]. We have also conducted manyexperiments to investigate various key issues and concerns relating to the applicationof the uni�ed model [17, Chapter 7]. In particular, we have considered the applicationof the model to two di�erent systolic algorithms, the Weighted Levenshtein Distancealgorithm and the matrix multiplication algorithm. Our results have demonstratedthe usefulness of the uni�ed approach and model.References[1] K. Johnson, A. Hurson and B. Shirazi, \General-Purpose Systolic Arrays," IEEEComputer, pp. 20{31, Nov. 1993.[2] G.M. Megson, An Introduction to Systolic Algorithm Design. New York, USA:Oxford University Press, 1992.[3] Inmos Limited, Prentice-Hall Ltd., Hertfordshire, UK, Transputer ReferenceManual, ISBN 0-13-929001-X ed., 1988.[4] G.M. Megson, \Transputer Implementation of Systolic Arrays for Model Reduc-tion," IEE Proceedings, Vol. 137, pp. 343{352, Sept. 1990.29
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